The Gini coefficient or index is perhaps one of the most used indicators of social and economic conditions. From its first proposal in English in 1921 to the present, a large number of papers on the Gini index has been written and published. Going through these papers represents a demanding task. The aim of this survey paper is to help the reader to navigate through the major developments of the literature and to incorporate recent theoretical research results with a particular focus on different formulations and interpretations of the Gini index, its social welfare implication, and source and subgroup decomposition.
Introduction
Since the Gini coefficient or index as a summary statistics bore Gini (1912 Gini ( , 1914 Gini ( , 1921 )'s name as we now know it, the theoretical literature has evolved for more than 80 years. During the past 80 years, the Gini index gradually became one of the principal inequality measures in the discipline of economics. This measure is understood by many economists and has been applied in numerous empirical studies and policy research.
1 As many are aware, research on inequality and poverty measurement continues to evolve.
Many economists, experienced and newly minted, always wish to have the collection of the theoretical results on the Gini index handy and accessible. Anand (1983) and Chakravarty (1990) provided comprehensive surveys on the measures of inequality including Gini index. But the literature is in a constant state of flux even in the research area which is considered to be well established. Other authors such as Lambert (1989) , Silber (1999) , and
Atkinson and Bourguignon (2000) also provided comprehensive references for income inequality and poverty with the Gini index as one of many inequality measures. This survey paper differs from those references in that it collects the theoretical results only on the Gini index, old and more recent, in one place.
Many economists in China such as Mr. Li Shi also worked on the Gini measures using the Chinese data. According to the news conference given by Premier Zhu Rongji of the People's Republic of China in March 15, 2001 , the Gini index calculated in 1999 in China reached 0.39 which was considered at an alarming level by the international standard. The Chinese Government vowed to solve the problem during the development process.
2 Thank Buhong Zheng for pointing out an excellent technical survey paper on the Gini index by Yizhaki (1998), which presents the results only based on the continuous distributions. Hence the current paper may still be justifiable given it focuses on both the history and technical results and considers both discrete and continuous distributions.
This survey paper is a natural continuation of Anand (1983) and Chakravarty (1990) on this specific literature and attempts to incorporate additional research results on the Gini index. It is hoped that this paper will not only provide readers a summary of main theoretical literature but also cover some related issues such as different formulations and interpretations of the Gini index, its social welfare implication, and source and subgroup decomposition.
The Gini index can be used to measure the dispersion of a distribution of income, or consumption, or wealth, or a distribution of any other kinds. But the kind of distributions where the Gini index is used most is the distribution of income. For this reason, and for simplicity, this paper will focus on the
Gini index in the context of income distributions although its applications
should not be limited to income distributions. An income distribution may be for different incomes: household incomes or individual incomes. The choice of the income unit is often determined by the purpose of research. For simplicity, the discussion in this paper is based on income distributions of the individuals within the population. Even the concept of income distribution can vary from the incomes that are pre tax and other fiscal transfers to those that are after tax and other fiscal transfers. As a convention, this is not the focus of the paper. Instead, the paper focuses on theoretical results and interpretations. Similarly, the transformation from a family income to individual incomes via equivalent scale will not be discussed here. This paper will show that the Gini index has many different formulations and interesting interpretations. It can be expressed as a ratio of two regions defined by a 45 degree line and a Lorenz curve in a unit box, or a function of Gini's mean difference, or a covariance between incomes and their ranks, or a matrix form of a special kind. Each formulation has its own appeal in a specific context. The Gini index was proposed as a summary statistics of dispersion of a distribution. It was viewed, for a quite long time, not too different from other dispersion measures such as variance and standard deviation. But when coming to a decision as to which inequality measure should be adopted in a study, economists found that it was rather difficult to select one statistics over others without any justification in terms of social welfare implication.
Thus, they started to search the link between the existing inequality measures and their underlying social welfare functions. It is now known that many well-known inequality measures indeed have direct, although implicit, relations with social welfare functions and that the measured inequality can be interpreted as social welfare loss due to inequality. With this intellectual premise, the social welfare implication of a Gini index value can now be interpreted with a greater clarity.
Economists also examined how the Gini index as an aggregate inequality measure could be decomposed according to either income sources or subpopulation groups. A great effort has been made to specify the conditions under which such decompositions are feasible. Even when decompositions are feasible, it is not always clear what meaningful interpretation each and every decomposed parts of the Gini index has. More specifically, when subgroup decomposition is made of the Gini index, one term called the crossover term appears difficult to interpret. Over time, this view has changed. Now many economists found that this term can be viewed as a measure of income stratification or the degree to which the incomes of different social groups cluster.
The remaining paper is organized as follows. Section 2 introduces necessary mathematical symbols and basic definitions. Section 3 reviews the evolution of computation methods of the Gini index. Section 4 revisits the literature on Pigou-Dalton's principle of transfers and social welfare implication of the Gini index. Income source and subgroup decomposition are discussed in Section 5. Finally, Section 6 concludes.
Mathematical Symbols and Definitions
There are generally two different approaches for analyzing theoretical results of the Gini index: one is based on discrete distributions; the other on continuous distributions. The latter demands certain conditions on continuity while the former does not require such conditions. The discrete income distribution is easy to understand in some cases while the continuous income distribution can simplify some derivations in some situations. The two can be unified as shown in Dorfman (1979) .
When the distribution function is discrete, y takes n values that can be denoted by an n×1 column vector y = [y 1 , y 2 , . . . , y n ] such that the elements in the vector are arranged in non-decreasing order: for i = 1, 2, . . . , n. The notation " " is used to sort y in the opposite order;
i.e., the elements of y = [ y 1 , y 2 , . . . , y n ] are arranged in non-increasing order:
while the probability of y taking on the value y i is f i = 1 n for i = 1, 2, . . . , n.
is the cumulative probability up to y k and can be interpreted as the population share of those whose incomes are less than or equal to y k .
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The mean income, µ y , is given by µ y = 1 n n i=1 y i . The cumulative income shares of the population up to the individual whose income is ranked ith from the lowest to the highest are given by yf (y)dy. The cumulative income share of the population up to the individual whose income is y * is given by
The Lorenz curve was hinted by Sir Leo Chiozza Money (1905) and originally proposed by Mr. M. O. Lorenz in 1907. 4 It is denoted as L(p) = L(F (y)), the proportion of the total income of the economy that is received by the lowest 100p of the population for all possible values of p. In other words, the graph of F and L is the Lorenz curve with 0 ≤ F ≤ 1 and Figure 1 shows a Lorenz curve is below the 45 degree line. This reflects that the income share grows at a much slower rate as the population share increases and that there exists a higher degree of income concentration within the population. 
Evolution of Computational Methods
The Gini index as is called today was, according to Dalton (1920, p. 354 
Geometric Approach
The attractiveness of the Gini index to many economists is that it has an intuitive geometric interpretation. That is, the Gini index can be, as in , the Gini index, G, can be written
If one works with a discrete income distribution, he or she can compute F i 's and L i 's and then the area below the Lorenz curve
Substituting equation (4) into equation (3) yields the Gini index G:
To illustrate how to use the above definition, let the hypothetical income distribution be y 1 = 0, y 2 = 1, y 3 = 2. For this distribution, the Lorenz curve can be described by the points (
and (L 3 = 1, F 3 = 1) in the unit box . As indicated in Figure 2 , Area B is the sum of the area of a small triangle (
), the area of a square ( 1 9 ), and the area of a large triangle (
):
The Gini index, as indicated in equation (5), Several alternative formulations in fact follow the same tradition, Rao (1969) showed that the Gini index can be defined as
This formulation can be shown to be consistent to equation (5): given F n = L n = 1 and F 0 = L 0 = 0, the Gini index defined in equation (5) can be rewritten as
Since the last term on the right-hand side is one, we have equation (6).
Sen (1973) defined the Gini index as
This formulation illustrates that the income-rank-based weights are inversely associated with the sizes of incomes. That is, in the index the richer's incomes get lower weights while the poor's income get higher weights. Sen's definition 6 can be derived from equation (6) by noting
The expression for G can be further manipulated as
The last equality is consistent with equation (7). 
where the u y -index is given by
into equation (10) yields
which is consistent with equation (7).
If one deals with a continuous income distribution, he or she can express the area under the Lorenz curve as
Substituting equation (12) into equation (3) yields the Gini index for the continuous income distribution as
Clearly, it is much simpler to understand the Gini index geometrically. However, its computation may be tedious.
Gini's Mean Difference Approach
Differing from the geometric approach, Gini (1912) showed that the geometric approach is in fact related to the statistical approach via a concept called the (absolute and relative) mean difference. That is, the Gini index as a ratio of two areas defined above is always equal to the half of the relative mean difference that will be explained later.
According to David (1968) , the relative mean difference discussed by and named after Gini (1912) Gini's absolute mean difference for a discrete distribution is defined as
where y i and y j are the variates from the same distribution. The absolute mean difference for a continuous distribution is defined similarly as the mean difference between any two variates of the same distributions:
where E is the mathematical expectation operator. The relative mean difference is defined as
That is, the relative mean difference equals the absolute mean difference divided by the mean of the income distribution. In addition to the above result, Shalit and Yitzhaki (1984) also provided several alternative ways to express Gini' relative mean difference.
The Gini index is the one-half of Gini's relative mean difference
The above expression is also written as Pyatt (1976) ]. Anand (1983) showed that equation (17) is consistent with the geometric definition given in equation (5) . For a discrete distribution, the absolute mean difference ∆ can be rewritten as
j≤i (y i − y i ) and the Gini index can be expressed as
This result is consistent with equation (8) . In other words, Gini's mean difference approach is consistent with the geometric approach. 
where Gini's absolute mean difference for a continuous income distribution is given by equation (15) . They also noted that Gastwirth (1972) proposed a similar formula without a proof which was attributed to Kendall and Stuart (1977) who also omitted the proof. This formula can be derived as follows.
Because
Gini's absolute mean difference is written as
To learn more about the term E min(y i , y j ), it is necessary to know the probability for min(y i , y j ), that is
Incorporating this probability into Gini's absolute mean difference yields
Substituting ∆ into G yields
Since a = 0 and b is finite,
The definition of the Gini index based on the relative mean difference has its root in the statistics. However, its computation could be complex. It is the covariance approach, which will be discussed below, that can facilitate the computation of the Gini index using the commonly used covariance procedure in most statistical software packages.
Covariance Approach
It was known that the Gini's absolute mean difference can be expressed as a function of the covariance between variate-values and ranks as noted in Stuart (1954 Stuart ( , 1955 :
But, finding of the link between this fact and the computation of the Gini index occurred much later.
In the context of discrete income distributions, Anand (1983) showed the Gini index can be computed by
that is, the Gini index can be expressed as a function of the covariance between incomes and their ranks. In the context of the discrete income distribution, Anand demonstrated how the definition of equation (22) is justified.
He noted that the mean of the ranks is given by
and the covariance is expressed as
Thus, the Gini index can be written as
which is consistent with equation (11).
Independently, Lerman and Yitzhaki (1984) Note that F is uniformly distributed between 0 and 1 so that its mean is and the Gini index is defined as G =
In the context of continuous income distributions, Lambert (1989) used a slightly different approach to the same problem. He first noted that the Lorenz curve L(p) has the following property:
Then using integration by parts he rewrote the Gini index from equation (13) as
L(p)dp
Since cov[y,
, the Gini index can be derived from equation (25) as
Although the derivations of Anand (1983), Lerman and Yizhaki (1984) and Lambert (1989) differ, each result is a variant of the other. To compute the Gini index using Anand's approach, first obtain rank for each observation y i , i ; then, compute the covariance between y i and i, cov(y i , i). The resulting covariance must be divided by the number of the observations n, cov(y i ,
, since i/n terms are empirical cumulative distribution of F (y).
Finally, the Gini index is computed by G = 2 nµ y cov(y i , i). This is consistent with the result of Lerman and Yitzhaki (1984) and Lambert (1989) . This approach is also extended by Shalit (1985) so that a regression can be used to compute the Gini index.
The advantage of the covariance approach is that the computation of the Gini index can be facilitated by using the covariance procedure in existing statistical software packages.
Matrix Form Approach
In the literature, the matrix form approach was proposed by Pyatt (1976) and Silber (1989) for decomposition purposes.
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Pyatt (1976) focused on equation (18) in which the Gini index is interpreted as a ratio of two terms: (a) the numerator
is the "average expected gain" to be expected by the population if each and every individual in the population is allowed to compare his or her income y i with any other chosen individual's income y j and to take y j when y j is greater than y i and (b) the denominator is the mean income µ y . Consider that the population can be divided into k subpopulation groups with group i has p i proportion of the population. It is possible to express the average expected gain as
where Pr(i → j) = p i p j for all i, j = 1, 2, . . . , k and index, corresponding to equation (18) , can be defined as
Silber (1989) proposed another elegant approach for computing the Gini index. The derivation starts from the Gini index's definition:
where L i is the proportion of total income earned by the individual whose income has the ith rank in the income distribution with
(This means that the richest individual is ranked 1st while the poorest individual is ranked nth.) First of all, examine how this definition is linked to the previous ones. Note that L j = y j n j=1 y j implies that y j 's are arranged in non-increasing order while y i 's in our previous discussion are arranged in non-decreasing order. Therefore, it is useful to find out the system link between two index systems. It turns out that i = n − j + 1 and that equation (29) can be rewritten as
which in turn equals
The last equality in the above is consistent with equation (7). Second, Equation (29) can be readily shown to be
Equation (30) is equivalent to equation (29) because the sum in the former is identical to the sum in the latter as shown below:
Third, equation (30) can be readily written compactly in matrix form as
where e is a column vector of n elements of 1/n, L is a column vector of n elements being respectively equal to L 1 , L 2 , . . . , L n , and G is the n × n G-matrix whose elements G ij are equal to -1 when i < j , to 1 when i > j, to 0 when i = j.
Social Welfare Implication
From the statistics point of view, the Gini index is a function of Gini's mean difference and hence it was initially, and still is, interpreted a measure of dispersion. Pyatt (1976) , however, went a bit further and gave the Gini index an interpretation as the average gain to be expected, if each and every individual is allowed to compare his or her income with the income of another individual and to keep the income that is higher. But this interpretation is statistical in nature and more convenient for subpopulation group decomposition rather than for measuring social welfare (loss) due to inequality.
In fact, Dalton in his 1920 paper, following Pigou (1912, p. 24) , had attempted to raise a minimum criterion for an inequality measure. It is now ... we may safely say that, if there are only two income-receivers, and a transfer of income takes place from the richer to the poorer, inequality is diminished. There is, indeed, an obvious limiting condition. For the transfer must not be so large, as more than to reverse the relative positions of the two income-receivers, and it will produce its maximum result, that is to say, create equality.
And we may safely go further and say that, however great the number of income-receivers and whatever the amount of their incomes, any transfer between any two of them, or, in general,
any series of such transfers, subject to the above condition, will diminish inequality." (Dalton, 1920 , p. 351) Dalton (1920) also noted that the Gini index can be viewed as half of the Gini's relative mean difference. According to Dalton, as the relative mean difference satisfies the principle of transfers, the Gini index must satisfies the same principle and be judged as a desirable inequality measure.
Jenkins (1991), among others, used the total differential approach to evaluate whether the Gini index indeed satisfies the principle of transfers when the transfers are very small. To do so he assumed that the transfer is meanpreserving (i.e., µ y is fixed) and that there is a transfer from to the richer individual i to the poorer individual j but this transfer will not change the fact the relative positions of the rich and the poor in the income distribution.
Taking the total differential of equation (7) with respective to y i and y j yields ∂G = (∂G/∂y j )dy j − (∂G/∂y i )dy i = 2(j − i) n 2 µ y dy < 0 (32) given that dy i = −dy j , j < i, and |dy i | = |dy j | = dy. Thus, the Gini index indeed satisfies the principle of transfer. That is, when the transfer occurs, the value of the Gini index will decrease.
Although the Gini index indeed satisfies the principle of transfers, there was little discussion about the social welfare implication of inequality measures including the Gini index after Dalton (1920) . For example, Gini (1921) himself, in response to Dalton's work (1920) , suggested that the measure of inequality (such as the one he proposed) was of income and wealth not of economic welfare.
The normative approach, which relates an inequality measure directly to an underlying social welfare function, appeared much later. Kolm (1969) advocated the use of social welfare function in measuring income inequality.
Atkinson (1970) noted that the social welfare implication was particularly important when one came to select a summary statistics of income inequality.
He wrote:
"Firstly, the use of these measures often serves to obscure that fact that a complete ranking of distributions cannot be reached without fully specifying the form of the social welfare function.
Secondly, examination of the social welfare functions implicit in these measures shows that in a number of cases they have properties which are unlikely to be acceptable, and in general these are no grounds for believing that they would accord with social values. For these reasons, I hope that these conventional measures will be rejected in favour of direct consideration of the properties that we should like the social welfare function to display." The way to link the Gini index to its underlying social welfare function is to define the Gini index in terms of the equally-distributed-equivalentincome (EDEI), or the representative income proposed by Atkinson (1970) , Kolm (1969) , and Sen (1973) . Using this approach, an inequality measure, I, can be written as a function of the EDEI income, ξ, and the mean income, µ y .
If I is defined based on the Gini social welfare function, then I is denoted by I G or, simply, G. Given this setup, if ξ is identical to µ y , then I is zero. That is, there is no inequality in the income distribution from which ξ and µ y are computed. If, on the other hand, ξ is less than µ y (say, the former is only 70% of the latter), then I will be greater than zero but bounded by 1 (I will take a value of 0.3). That is, there is some degree of inequality. Of course, it is crucial to know how ξ is derived. Generally speaking, for a particular social welfare function or social evaluation function, an EDEI given to every individual could be viewed as identical in terms of social welfare to an actual income distribution.
To explain the idea further, let W (y) ≡φ(W (y)) be a homothetic (ordinal) social welfare function of income with φ being an increasing function and W being a linearly homogeneous function. Let 1 be a column vector of ones with an appropriate dimension. Then,
Given that W is positively linearly homogeneous, an EDEI is computed by
= Ξ(y). The social welfare function, W , and the EDEI, Ξ, have an one-to-one corresponding relationship. The homotheticity of the social welfare function makes the indifference curves blowing-out or -in proportionally.
Under this condition, the EDEI function, Ξ(y), is linearly homogeneous in y; that is, doubling y will also double ξ.
The above idea can be further explained by the case of an income distribution of two individuals. Figure 3 shows an actual income distribution denoted by the point y (that is, the income of the first individual, y 1 , is 2 while that of the second individual, y 2 , is 5). In Figure 3 , income distributions on the 45 degree line from the origin represent perfect equality (that is, y 1 = y 2 ) of the two-person world. The social welfare function W has indifference curves like I 1 (the dotted convex curve) and I 2 (the solid convex curve). Since the actual income distribution y is on indifference curve I 2 , EDEI, the point at which I 2 and the 45 degree line cross, will give the same level of social welfare. Thus, with a particular social welfare function W , an actual income distribution y and its corresponding EDEI are indifferent. 
that corresponds to the Gini social welfare function,
12 The Gini social welfare function attaches a higher weight to a lower level of income and vice versa. The weight is determined by the rank of an income rather than the size of the income. The Gini index can be defined 11 If we sort the elements in y in non-increasing order and denote the new vector as y, then
with Ξ G (y) = Ξ G ( y). This is because y i = y n−i+1 and y i = y n−i+1 . 12 This is because
in terms of the Gini EDEI and the mean income as
Note that while
taking values between 0 (perfect equality) and
also taking values between 0 (perfect inequality) and 1 (perfect equality) measures equality.
The term 1 − G can be viewed as a measure of equality.
The social welfare implication of the Gini index can be better appreciated by the above formulation. For example, when the Gini index is .3, this means that according to the Gini social welfare function the inequality reduces the social welfare to the level that only 70% of the current total income if distributed equally among the population can achieve. The inequality can be reduced to zero if the current total income can be distributed equally among the population. When this understanding is established, a society which is inequality averse would prefer the income distribution with a lower Gini index value to the one with a higher Gini index value.
Of course, different inequality measures may have very different social welfare implications. Comparisons between the Gini index and other measures such as the coefficient of variation and Theil indices 14 were made based 13 Alternatively,
where y has elements in non-increasing order.The two equations are identical because y= y, y i = y n−i+1 , and y i = y n−i+1 . Note that in equations (37) and ( 
Subgroup and Source Decomposition
The Gini index like any other indices is an aggregate summary statistics of income inequality and it can apply to a nation or regions/subgroups within the nation. However, researchers frequently wish to explore how inequality statistics in regions/subgroups contribute to the national inequality. Similarly, the Gini index is also applicable to each and every income component.
How the inequalities in all income components contribute the overall income inequality is also of interest to social scientists. Chakravarty (1990) detailed subgroup and source decomposition in Section 2.6 of his book.
In general, the decomposition of an inequality measure can be conducted either on some kind partition of the population or on some division of the income. The former is referred to as subgroup decomposition and the latter is called as source decomposition. For subgroup decomposition, one wishes to see how subgroup inequality measures can be effectively related to the population inequality. By the same token, for source decomposition, one wishes to examine relationship between the aggregated inequality measure and the inequality measures from the components or sources.
When a researcher does source decomposition, he or she must apply the 
where R is normally called the crossover term. Bhatacharya and Mahalanonis (1967) are perhaps the first economists working on the subgroup decomposition of the Gini index. Pyatt (1976) and Das and Parikh (1982) found the same result using the matrix form approach. Mookherjee and Shorrocks (1982) noted that the crossover term is an 'awkward interaction effect ... impossible to interpret with any precision." Shorrocks (1984) found that the Gini index is known to be decomposable (without the crossover term) when ranking incomes based on income sizes leads to the subgroup incomes cluster into subgroup income ranges without overlapping across subgroups.
Silber (1989), however, suggested that the crossover effect of subgroup decomposition of the Gini index is not troublesome and, in fact, has a clear and intuitive interpretation. It measures the intensity of the permutation which occur when instead of ranking all the individual shares by decreasing (or increasing) income shares, one ranks them, firstly by decreasing (or increasing) value of the average income of the population subgroup to which they belong, and secondly, within each subgroup, by decreasing (or increasing) individual income share. Lambert and Aronson (1993) used a geometric approach to explain the crossover term and gave it a similar and good geometric interpretation.
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Yitzhaki and Lerman (1991) and Yitzhaki (1994) went a bit further suggesting that the crossover term would be a good indicator of income stratification. They noted that sociologists often find that the lack of the stratification dimension, when using the Theil index for subgroup decomposition, warrants some reconsideration when the issue of stratification is of interest to researchers.
To examine how 'stratification' among population subgroups to overall income inequality, Yitzhaki (1988 Yitzhaki ( , 1994 and Yizhaki and Lerman (1991) have also developed a 'pseudo-Gini coefficient', which mimics the Gini index in some respects. Their index decomposes inequality across population subgroups in a way which is different from the conventional way but is superficially similar: a crossover term, over and above between-and within-group terms, measures stratification in a precisely defined sense and has intuitively appealing properties [also see Lambert and Aronson (1993) , 1224-1225].
Of course, some scholars have some reservations about using the Gini 15 Sastry and Kelkar (1994) proposed a decomposition that is slight different from one proposed by Silber (1989) .
index for subgroup decomposition. Cowell (1988) used specific examples to show that the Gini index could be a bad inequality measure because it allows the three things happen at the same time after some transfers have occurred: (a) mean income in every subgroup is constant; (b) inequality in every subgroup goes up; and (c) overall inequality for the population of all subgroups goes down. After a careful consideration, one can find that these can happen because within-subgroup, not across-subgroup, transfers can be made as such so that the conditions (a), (b), and (c) can be satisfied at the same time. Thus, this is unlikely to be a problem of the Gini index. A decreasing overall inequality reflects a social welfare gain in the population as a whole, while increasing inequality in every subgroup should be interpreted as a social welfare loss for each subgroup when evaluated independent of other subgroups of the population. Hence, when the social welfare implication is considered, the Gini index and its subgroup decomposition appear to have a clear interpretation.
Conclusion
Generally, it can be seen that over the past 80 years since Gini (1921) is not possible to include these topics which will be left as another project in the future. Because the main focus of this survey is on the methodology, many good empirical studies using the Gini index are not cited here.
